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The Kac-Akhiezer formula for finite section normal Wiener-Hopf integral 
operators is proved. This is an extension of the corresponding result for symmetric 
operator [2, 3, 4, 5, 6, 71. 0 1986 Academic Press, Inc. 
Let T, be an integral operator from L,[O, t] into itself defined as 
T,f= i’ K(x - Y) f( Y) &. 
JO 
For such operators it follows (under suitable assumptions), from the 
general theory of Hilbert-Schmidt operators, that the infinite product 
n (1 -w (1.2) 
n 
converges to a meromorphic function of I Cl]. Here {A,,};= , denotes the 
set of all eigenvalues of T,. Exploiting the additional fact that T, is an 
integral operator of the finite section Wiener-Hopf type (defined by (1.1 )), 
different representations f this meromorphic functions have been obtained. 
The earliest among these is what is known as Kac-Akhiezer formula. 
Akhiezer [2] obtained this formula while studying Toeplitz matrices, while 
Kac [3] and Hirchman [4] obtained this in connection with some 
problems in probability heory. These results can be summed up as follows. 
Under the basic assumptions that K(x) is continuous, real, and sym- 
metric, and if Iz is such that 11, # 1 for every n, then 
(1.3) 
n=l 
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where a(~, t, A) is the unique solution of the integral equation 
a(x, t, A) = AK(x) + 1 J+ K(x - y) a(y, t, A) dy. 
0 
(1.4) 
Extensions of these results, assuming the continuity of the kernel, were 
obtained by Vittal Rao [5] and Vittal Rao and Mullikin [6]. These results 
are given below: 
THEOREM A. Zf K(x) is locally square integrable and symmetric, i.e., 
K(x) = K( -x) and if A satisfies the condition I& # 1 for all n, then the 
function 
h(x, t, A) = a(x, t, A) -AK(x) (1.5) 
has a conitnuous representation and 
n (1 -An,) exp(il,) = exp 
n (1 
- ’ h(O,s, A) ds . (1.6) 
0 
In particular, if there exists an a > 0 such that K(x) is continuous in ( -a, a), 
we get 
exp@tK(W fl (I- W wW,) 
n 
a(0, s, A) ds . 
For real kernels for which no continuity hypotheses is assumed, we have 
(1.8) 
In particular ifwe can write h(s, s, 2) = a(s, s, A) - AK(s) for almost every t, 
then we can write (1.8) as 
a(s, s, A) ds + (1.9) 
where n+ denotes the product involving eigenvalues with symmetric 
eigenfunctions, i.e., if4(x, t) is an eigenfunction corresponding to A,,, then 
~Jx, t) =q5,(t -x, t) and n- denotes the product involving eigenvalues 
with antisymmetric eigenfunctions, i.e., 4 (x, t) = -Q,(t - x, t). Hereafter 
we denote 1, by A,,(t) to emphasize its dependence on t. 
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Similar esults for systems of integral operators can be seen in [6]. Also, 
analogous results have been obtained by Athreya and Vittal Rao [7] for 
general kernels (not necessarily difference k rnels) and in general measure 
spaces, which are summarized below. 
Let (V, B, m) be a complete measure space, where I/ is a topological 
space and the o-algebra B is big enough to include all Bore1 sets. Let, 
I/,: t 2 0 be a family of @measurable subsets of 1/ such that 
(i) V, is compact for each t 3 0, 
(ii) m(Vo)=O and t<s implies V,c V,Y, 
(iii) the map t --f a(t) = m( V,) is right continuous as a map from 
LO, 00) to co, a 1. 
Let T, be the self adjoint compact operator on L,( V,) defined by the ker- 
nel K(x, y). Let K satisfy the following conditions: 
(i) K: V x I/ -+ C is a B x B measurable function, 
(ii) K(x, Y) = W, xl, 
(iii) K(x, y) is in L2( I/, x V,) for every t 3 0, 
(iv) for every x in V, the function 
K,(.)=K(.,x) is in L,( V,), 
and 
(v) the map x + K(x, .) is continuous as a map from I/, to L2( V,). 
Further, let the measure m admit a polar representation with respect o 
the family I/, in the following sense: 
There exists a family P, of B-measurable sets, and a family of probability 
measures, m, on P, such that for all real continuous functions f on V,, 
and the map 
s -+ 5 p, f(x) dm,(x) 
is continuous. 
Let I be such that IA,, # 1 for all n, and a(x, t, A) be the unique solution 
of the integral equation, 
4x, t, 2) = AK,(x) + A j W, Y) NY, t, A) dmb). v, 
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Define h,(x, t, 2) = a,(~, t, 1) -X,(x). Then h,(x, t, 2) has a continuous 
representation and we have 
(1.10) 
Further if V= R, for some II and V, are all symmetric about the origin 
and K is real valued, then all eigenfunctions can be so chosen that they are 
either symmetric or antisymmetric about the origin. Then we have. 
If 21, # 1 for all n, then under the conditions described above, 
I 
exp - i I, u-z, s, 2) adz) MS) 0 fs 1 ) KI+U - WNexpW&)) 
‘n+ (1 -M,(t))exp(ll,(t))’ 
(1.11) 
where n + and n - have same meanings as before. 
By taking suitable V, in R, with n = 1,2, 3, etc. we can easily deduce 
from the above results for nonconvolution kernels in R,, R,, R3, etc. for 
many standard omains. By making suitable assumptions on the kernel, we 
can also deduce results of the type (1.7) and (1.9). 
A natural sequel to the study of self-adjoint operators is that of normal 
operators. In this paper we study the Kac-Akhiezer formula for finite sec- 
tion Wiener Hopf normal integral operators. 
We consider the integral operator T, with kernel K(x) satisfying the 
following conditions. 
(i) K(x) is such that the operator T, is normal for all t, 0 < t < co. 
(1.12) 
(ii) K(x) is locally square integrable (1.13) 
(iii) K(x)EL~(-~I, co). (1.14) 
We give below some results from [8] for such an operator, which will be 
useful in proving the Kac-Akhiezer formula. 
Under the assumptions (1.12) and (1.13) it follows that T, defines a nor- 
mal and completely continuous operator from L,[O, t] into itself. Hence its 
spectrum consists only of almost a countable number of eigenvalues with 
zero as the only possible limit point. Let S, = {&,(t)};= 1 be the spectrum of 
T, arranged as 
IA,(t)1 2 In,(t)1 2 ... 3 Ini( 2 .... (1.15) 
Then one can prove the following theorem. 
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THEOREM B. For a fixed i, one can define a function A’(t) which takes its 
values from S, such that 
0) A’(t) = if;(i)(t), (1.16) 
where f,: N+ + Nf is a bijective map from the set of all nonnegative integers 
into itself: 
(ii) On any bounded interval [0, M] c [0, 00) A’(t) is continuous and 
almost everywhere differentiable. Moreover, 
; A’(t)=A’(t)) #(t, t)12, (1.17) 
where qV(x, t) = I$&x, t) is a suitably chosen normalized eigenfunction 
corresponding to the eigenvalue Ai = L,,(J t). Zf A’(t) is of multiplicity mi, 
then we can choose mi orthonormal eigenfunctions {qS’“(x, t)};: , , 
corresponding to Ai( t) satisfying (1.17). 
In the next section we prove the Kac-Akhiezer formula for T, with ker- 
nel K(x) satisfying (1.12)-(1.14). 
2. KAC-AKHIEZER FORMULA 
First, we consider the integral equation (1.4) satisfying AI, # 1 for all n. 
We know that 
1; lK(x-y)i2d~~j+N K(s)l*ds (for sufficiently large N) 
-N 
<+cO (by (1.13)). 
Now using the Hilbert-Schmidt heorem [9] for normal integral 
operators, we can write Tlol(x, t 2) as 
TAX, t) = f Ut)(a, 4,) 4,(x, t), (2.1) 
?I=1 
where l,(t) denote the eigenvalues of T,, #,,(x, t)the corresponding eigen- 
functions and (a,#,) denotes the L,-inner product defined by 
(a, 4,) =jd a@, t, A) ti,,(x, t) d .
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Using (2.1) we can write the unique solution CI(X, t, A) of (1.4) as 
a(& 6 1) = Nx) + J f Ut)(a, 4,) Qn(x, t) (2.2) 
?I=1 
Multiplying both sides by dk(x, t) and integrating over [O, t], we get 
= s tAK(x) q5k(X, tdx 0 
= 1 1; K(x - 0) d/.(x, t) dx 
= &(t) h(O, t). (2.3) 
Using (2.3) in (2.2) we get 
a(x, t, A) = M(x) + A2 g n3t) 
nzl 1 -nn”(t) 
&lb, 0 d,(O, 1). (2.4) 
Since T, is normal, if $(x, t) is an eigenfunction corresponding to A(t), 
then IC/(t - x, t) is also an eigenfunction corresponding to A(t). Now in (2.1) 
if, instead of considering the orthonormal set of eigenfunctions 
bL(X? t)),“, 19 we consider the orthonormal set of eigenfunctions 
{#Jt - x, t)},“_ 1 and proceed as above we get, instead of (2.4), the 
equation 
a(x, t, 2) = M(x) + A.* f n= * 1 f$‘, hl(t~ 0 hl(t - XT t). (2.5) 
n 
Since the series on the right-hand side converges uniformly and the eigen- 
functions can be chosen to be continuous, it follows that 
h(x, t, x) = a(x, t, A) - AK(x) 
has a continuous representation a d that 
01** (2.6) 
Using (1.16) we rearrange the series in (2.6) for each t, to obtain 
h(O, t, 1) =/I* f ww* 
“=, 1 -JAyt) I@Yt, Q12. (2.7) 
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Now (1.17) implies that 
h(0, f, A) = A2 f 
A”(t) 
d A”(t). 
,*“, 1- Ann(t) dt 
Integrating both sides over [0, t] we get 
Later we will prove that 
Hence (2.8) becomes 
(2.9) 
Now exp( -Sk h(0, s, A) ds) = RF= 1 exp(M”( t)) ( 1 - U”(t)). Rearranging 
the factors on the R.H.S. using (1.16), we get (1.6). Thus we have prove the 
following theorem. 
THEOREM. If K(x) satisfies the conditions (1.12)-(1.14), then for I such 
that II, # 1 for all n, the Kac-Akhiezer formula (1.6) holds. 
Remark. In particular, ifthere exists an a> 0 such that K(x) is con- 
tinuous in ( --a, a), then (1.7) holds. 
Now we prove (2.9). 
Proof For Obs$ t and 1 <n< oo, we have 
[ 1 - AA”(s)1 > 1 - (A( Inys)( 
= 1 - IAl I&,n,(sl (from (1.16)) 
> 1 - I4 I&l,(t)l 
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(since I&( t)l is a monotonic nonincreasing function of t for each k) 
(since IAl( 2 j&(t)l, for all k). Hence 
JYs)(Ws) A”(s) 6 I~“b)I l(Ws) ~Ys)I 
1 -I”(s) 1 - In~,(t)l . 
Now 
We know that 
$ nn(s) = W) IeYs, 412, (2.11) 
and 
g IWV= lW)12 WQ, d12 (2.12) 
C(2.12) can be easily verified from the construction of An(s) [IS] and by 
considering the eigenvalues lA”(s)l* of T,T:]. From (2.11) and (2.12) it 
follows that 
f Inn(s) IfP(s)l. 
Using (2.13) in (2.19) we get 
IJ t A%)(W) n”(s) &0 1 - Ann(s) 
2 f 6 1 - W,(t)1 JIJ”b)l Inn( h 0 $
2 
d 1- pI,(t)j I~“(t)l’. 
(2.13) 
466 
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(since from (1.16), C,“= i in”(t)\* = Cp=, I&(t)l’ in some rearrangement). 
Hence the series is absolutely and uniformly convergent, and (2.9) 
follows. 
One might expect a formula similar to those of (1.8) and (1.9) for normal 
integral operators also. However, in proving (1.8) and (1.9), critical use is 
made of the fact hat K(x) is real and symmetric which enables the choice 
of the eigenfunctions tobe real and satisfying $(O, t) = +#(t, t) (since the 
eigenvalues are real). But, in the case of normal integral operators, even if 
K(x) is real the eigenvalues could be complex and hence it may not be 
possible to choose the eigenfunctions such that &O, t) = +~$(t, t). If any 
additional hypothesis on the kernel guarantees that the orthonormal eigen- 
functions could be so chosen that q5(0, t) = +#(t, t) then it follows that the 
formulae (1.8) and (1.9) holds also for normal operators. 
For nonconvolution kernels which define normal integral operators, for- 
mulae analogous to (1.10) and ( 1.11) can be proved as above using 
arguments similar to those in [7]. 
3. CONCLUSION 
As mentioned above, for normal operators ome necessary condition on 
K(x), guaranteeing the choice of the eigenfunctions such that q5(0, t) = 
&d(t, t), must be imposed. It is not clear whether this can be done for all 
real kernels. It will be interesting toobtain a necessary condition on K(x) 
ssuring this choice. 
Using (1.9) Vittal Rao [lo] related th eigenvalues of self-adjoint finite 
section Wiener-Hopf integral operators to the poles and zeros of the Chan- 
drasekhar’s X-function. Such a relation does not seem to be 
straightforward in the case of normal integral operators. 
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